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INTRODUCTION 
In their paper [l] M. F. ATIYAH and F. HmzEBRUCH formulated the 
following conjecture: 
Let G be a compact connected Lie group, such that H1(G; Z) has no 
torsion. Let U be a closed connected subgroup of G of maximal rank. 
Then the homomorphism 
cx(G, U): R(U)-+ K(GJU) 
is surjective. 
Here R(U) denotes the representation-ring of U and cx(G, U) is defined 
as follows: every complex U-module V gives rise to a complex vector-
bundle over GJU, namely the twisted product G xu V, constructed from 
the principal bundle G -+ G J U, and the U-module V; the correspondence 
V-+ G xu V extends to a ring-homomorphism, denoted by cx(G, U). 
In [l] the authors prove the conjecture for Lie groups prime to the 
exceptional types Ea, E7 and Ea. The purpose of this note is to present 
a proof of the conjecture for G=Ea. We follow closely the methods of 
[l] and [2], using results obtained recently by L. CONLON [3]. 
1. Some facts about Ea. In this section we bring some results on the 
Lie group E6 in a form suitable for our purpose. E6 shall stand for the 
compact simply connected representative of the corresponding local class. 
We letT denote a fixed maximal torus of E6, while V T denotes the uni-
versal covering of T, and V~ the dual of V T· Moreover (,) denotes an 
invariant metric on the Lie-algebra of Ea, and on V T, v;. With respect 
to a certain linear order in V~ we have simple roots ex~, i= l, 2, ... , 6. 
The Schlafli diagram of Ea is: 
The metric is normalized in such a way that (ext, ex,)= 2. We have that 
(~, CXJ) = -1, i#j, if ex~ and CXJ are connected by a line in the diagram, 
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otherwise (<Xi, <XJ) = 0 if i and j are different. The dominant root of E 6 is 
--+ 
cP = lXI + 2<X2 + 3<Xa + 2<X4 + iX5 + 2<X6· For any A E v~ we denote by A the 
vector in V T defined by : 
--+ 
(A, x)=<A, x), x E VT. 
( <, > denotes the pairing between v T and v~.) The unit lattice in v T 
--+ 
iS spanned by <Xi, i= 1, ... , 6. Let flt, i= 1, ... , 6, be the elements in v~ 
such that 
--+ 
Then {{Ji} constitute the basis in v T dual to the basis {<Xi} of v~. The 
--+ -+ 
central lattice of E6 is spanned by {J1, ... , {J6. The lattice of weights in V* 
--+ 
is spanned by fJ1, ... , {J6. The line R · {J1 corresponds to a one-dimensional 
torus T1 in T, the unit lattice of which consists of the points 3k · p1, k E Z. 
--+ -+ 
In terms of the basis {<Xi} the element {J1 is given by: 
--+ 
{J1 = 3-1( 4<Xl + 5<X2 + 6<Xa + 4<X4 + 2<Xs + 3<X6)· 
Note that we have: 
--+ --+ 
({J1, {J1) = l 
The centralizer of the torus T1 in E6 is a closed connected subgroup of 
maximal rank and of local type Ds x T1. A maximal torus for the D5 -
component is given by T', such that 
--+ 
V T' =orthogonal complement of {J1 in V T· 
The root-vectors for Ds are those of E6 that are orthogonal to P1. the 
-+ 
vectors <X2, ... , <X6 forming a fundamental system of root-vectors. Now we 
choose an orthogonal base {e1, ... , es} in V T' in such a way that 
The root-vectors forDs are the vectors ± ei ± e1, it=j. Put f=!P1. We 
introduce coordinates y, x1, ... , xs on V T corresponding to the basis 
{f, e1, ... , es}. This is an orthogonal basis, but note that (f, f)=!· The 
vector f has been introduced for the following reason: globally the group 
of type Ds x T1 is not a _true product, the two constituents Spin (10) and 
T1 intersecting in the center of Spin (10), a cyclic group of order 4. Now 
f =! {J1 is equivalent, under the unit lattice, to a point in V T'; it represents 
a generator of the center of Spin (10). For convenience we shall denote 
the subgroup we have been considering as a product Spin (10) x T1. 
Now we want to express the roots of E6 in terms of y, x1, ... , xs. To 
this end we consider the complex representation of Spin (10) obtained by 
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restriction from the adjoint representation of Es. It has three interesting 
irreducible parts; the "first" part is the adjoint representation of Spin 
(10), one other part, the "second" one, has highest weight ! !xi, coming 
from projection of rfo, while the third part of the representation is contra-
gredient to the second part. From this we deduce that the roots of Es are: 
± Xt ± Xj; i=/=j, i, j = 1, ... , 5. 
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± (fy+ !!et·Xt); Bt= ± 1·llet=1, i=1, ... ,5. 
1 
In terms of y, x1, ... , xs the fundamental weights of Es are: 
/h=(1, 0, 0, 0, 0, 0) 
{J2 = (f, _l. l. l. 1 !) 2' 2' 2' 2' 
{Ja=(J, 0, 0, 1, 1, 1) 
{J4=(1, 0, 0, 0, 1, 1) 
{J5 = (!, 0, 0, 0, 0, 1) 
{Js= (£, l. l. l. l. !) 2' 2' 2' 2' 
Finally we note that in the coordinates y, x1, ... , X5 the invariant form(,) 
is given by s 
£y2 + !x~. 
1 
2. The cohomology of E III. The quotient-manifold Es[Spin (10) x T1 
is commonly denoted by E III. It is a hermitian symmetric space of 
dimension 32. We now quote results of L. CoNLON [3] on the topology 
of E III. E 6 has a subgroup F 4, a maximal torus of which is obtained 
by setting y=x1=0. The roots of F4 are as follows: 
• . "" 1 . . 2 5 ± Xj; ± Xt ± Xj, ~=/=J; k 2 Bj"Xj, ~, J= , ... , . 
The groups F4 and Spin (10) x T1 intersect in a subgroup isomorphic to 
Spin (9). A certain orbit of the canonical action of F4 on E III gives a 
submanifold homomorphic to W = F4fSpin (9), the Cayley plane. Let 
n: E6/Spin (10) ~ E III denote the canonical fibration with fibre a circle 
S1. According to Conlon the natural injection F4jSpin (9) -+ EsfSpin (10) 
followed by n gives the imbedding i: W ~ E III of WinE III. Moreover 
we have: [3], 
(i) the inclusion W C EsfSpin (10) induces isomorphisms 
Hi(W; Z) '""'H1(E6 fSpin (10); Z) for O.;;;;;j.;;;;; 16. 
(ii) H*(EsfSpin (10); Z) has generators us and U17 of degree 8, resp. 17, 
such that 
H*(EsfSpin (10); Z) '""'Z[us, U17]j{u~, ui7}. 
From this we deduce the following. 
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Proposition. The integral cohomology-ring of E III is generated by 
two elements, A of degree 2, and fl of degree 8. If i: W--+ E III denotes the 
imbedding then i*(p) is a generator of H*(W; Z). 
Proof: We present the proof in some detail to bring out more clearly 
what happens. We shall make use of the spectral sequence of the fibration 
n: E6JSpin (10)--+ E III. For simplicity of notation we put E=E6JSpin 
(10) and B=E III. The filtration in Hn(E) (integral coefficients) is denoted 
as follows: 
Hn(E) = DO,n :) D1,n-l :) ... Dn,O:) 0 
Then d2 : Eg·1 --+ E~·0 is an isomorphism. If y is a generator of H1(S1) 
there is an element A in HZ( B),....., Z, such that d2(1 0 y) =A 0 1. Then A 
generates H2(B), and it is clear that A also generates H*(B) in dimensions 
<8. Now E~q=EK·q since E~·q=O for q#O, 1. Also E~q=O if q=/=0, 1. 
Hence Hn(E) = no.n = ... = Dn-1,1, any n. In particular HB(E) = D7,1. But 
E~·1 =0, because H7(B)=0; thus D7,I=DB,O=Eg·0 • Therefore Eg.o is identi-
cal HB(E) r-J Z, generated by us. Since H7(E) = 0, we have that E~} = Eg·1 = 
= 0, and so Ker (dz : Eg·1 --+ E~·0) = 0, and there results an exact sequence 
0 --+ E6.I ~ EB,O --+ EB.O --+ 0 
2 d2 2 3 • 
Because E~·1 and Eg.o are both infinite cyclic we conclude that E~·0 "' 
,....., Z E8 Z. From this we see that HB(B) is generated by A4 and an element 
fl such that n* (p) =us. Now denoting j : W --+ E the imbedding we know 
that no j=i. Hencei*=j* on* andi*(p)=j*(us). Butj*(us) is a generator 
of HB(W) ,....., Z, from (i). Therefore we do have: i*(p) =generator of HB( W). 
Now continuining the spectral sequence argument one finds that A and fl 
generate H*(B) in dimensions < 16. Then via Poincare-duality one gets 
at the additive structure of H*(B). Note that the odd-dimensional co-
homology vanishes, as should be the case. Finally we invoke the Gysin-
sequence to conclude that A and fl generate H*(B). 
Q.E.D. 
3. Proof of the conjecture for G=E6. The elements y, x1, ... , xs intro-
duced in section 1, certainly constitute a basis for H1(T; Q). By (negative) 
transgression they define elements, still denoted by y, XJ, in H2(BT; Q). 
Then, according to A. Borel, H*(E III; Q) may be identified with the 
quotient-ring of the ring Lin X1, ... , Xs, y, generated by S{xi, ... , xn and 
the elements x1xzxsX4X5 and y, by the ideal I generated by the homogeneous 
invariants of the Weyl-group W(E6 ) with strictly positive degrees; i.e. 
H(E III; Q)=Lfi. 
We put G=E6, U =Spin (10) x T1. Let e be the representation of U which 
is trivial on D5 and has weight y. Then by [2] one has: 
chiX(G, U)(i=eY=1+y+!y2+ ... 
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Hence y is the beginning term of the Chern -character of an element e in 
0<(G, U)R(U). But it is known that y represents a generator of 
H2(E III; Z) ~ Z, 
[2], which we may suppose to be our element A.. 
Now to prove the conjecture for G = Es it will suffice to show that p, 
is in fact the beginning term of ch0<(G, U)a for some a E R(U). For then 
it follows from [l] (2.5 on p. 19, 5.2 on p. 32) that O<(G, U') is surjective 
for any closed connected subgroup U' of maximal rank in Es. 
It has been observed already that the function 
is the highest weight of an irreducible complex representation of G = E 6• 
The restriction of this representation to U gives a representation of U, 
call it L1, with weights: 
!Y+ L is1x1; BJ= ± l, Ilc1= l. 
Then 
(Calculations being made mod. 1). From this it is immediate that there 
is an element in 0<(G, U)R(U) whose Chern-character begins with: 
-(Lx7}2 +i Lx;x;. 
So this thing represents an integral class. This class is mapped by i* onto 
the element of HB( W; Z) represented by i L x;x~\ where now i, j = 2, ... , 5. 
But by [2] one knows that this last function represents a generator of 
HB( W; Z). Since i* maps t-t onto a generator of HB( W; Z), it follows that 
p, can be obtained as the beginning term of the Chern-character of an 
element in O<(G, U)R(U). We have thus established the following. 
Theorem. Let G denote the simply connected compact Lie group of ex-
ceptional type and rank 6. Let U be any closed connected subgroup of G of 
maximal rank. Then 0<(G, U): R(U)-+ K(GJU) is surjective. 
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